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Abstract
We consider the dynamics of a large number N of nonrelativistic bosons in the mean
field limit for a class of interaction potentials that includes Coulomb interaction. In
order to describe the fluctuations around the mean field Hartree state, we introduce an
auxiliary Hamiltonian on the N -particle space that is very similar to the one obtained
from Bogoliubov theory. We show convergence of the auxiliary time evolution to the fully
interacting dynamics in the norm of the N -particle space. This result allows us to prove
several other results: convergence of reduced density matrices in trace norm with optimal
rate, convergence in energy trace norm, and convergence to a time evolution obtained
from the Bogoliubov Hamiltonian on Fock space with expected optimal rate. We thus
extend and quantify several previous results, e.g., by providing the physically important
convergence rates, including time-dependent external fields and singular interactions,
and allowing for general initial states, e.g., those that are expected to be ground states
of interacting systems.
1 Introduction
A system of N spinless bosons in nonrelativistic quantum mechanics is described by a wave
function Ψ ∈ L2s(R3N ), the subspace of square integrable functions that are symmetric under
permutations of the variables x1, ..., xN ∈ R3 (we only consider three dimensions here). We
always assume that Ψ is normalized, i.e., ||Ψ|| = 1, such that |Ψ(x1, ..., xN)|2 can be interpreted
as the probability density of finding particle one at position x1, particle two at position x2, and
so on. The time evolution of the wave function is governed by the nonrelativistic many-body
Schro¨dinger equation
i∂tΨt = H
tΨt, (1)
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where the Hamiltonian operator H t is of the form
H t =
N∑
i=1
hti + λN
∑
1≤i<j≤N
v(xi − xj). (2)
Here, hti = −∆i + W ti denotes a one-particle operator, ∆i is the Laplacian describing the
kinetic energy of the i-th particle, W ti =W
t(xi) a possibly time-dependent external potential.
The interaction between the gas particles is described by a real-valued function v = v(x), e.g.,
the Coulomb potential v(x) = 1/|x|. The coupling constant in front of the interaction will be
chosen as λN = 1/(N − 1) which ensures that the average interaction energy is of the same
order as the kinetic energy, namely of order N . In this situation, a nontrivial behavior of the
many-body system can be expected for large particle number N . Our goal in this work is to
investigate the large N limit of solutions to the Schro¨dinger equation and, in particular, the
corrections to the leading-order mean field component of such solutions.
The physical setting we have in mind is that the gas is initially trapped in a confining
potential W 0 and cooled down, such that Ψ0 is close to the ground state of H
0. By removing
or changing the external field W t, the ground state of H0 is in general not an eigenfunction
of H t for t > 0 anymore, so the time evolution is nontrivial. To our understanding, this is the
picture behind the experiments of ultracold gases exhibiting the phenomenon of Bose-Einstein
condensation, see, e.g., [4] and references therein.1
It has been established in many different settings that Hartree theory emerges as the
macroscopic description of the low temperature many-body Bose gas in the mean field regime,
i.e., for N →∞, NλN → 1. Hartree theory is defined by the one-body Hamiltonian
ht,ϕ = ht + v ∗ |ϕ|2 − µϕ, ϕ ∈ L2(R3), (3)
where ∗ denotes the convolution of functions on R3, and the phase factor R ∋ µϕ = 1
2
∫
dx
(
v∗
|ϕ|2)(x)|ϕ(x)|2 is chosen for later convenience. In order to understand the relation between
the microscopic model defined by (2) and Hartree theory, think of a completely factorized
N -particle wave function Ψ = ϕ⊗N for which the potential term in H corresponds to a sum of
identically and independently distributed random variables with probability density |ϕ(x)|2.
It follows from the law of large numbers that the potential felt by, e.g., the first particle, at
position x is given by
1
N − 1
N∑
i=2
v(xi − x) ≈ 1
N − 1
N∑
i=2
∫
v(xi − x)|ϕ(xi)|2dxi =
(
v ∗ |ϕ|2)(x).
The N -particle Hamiltonian H is hence expected to act as a sum of N one-body Hamiltonians
each given by (3). In more precise terms, the Hartree Hamiltonian governs the leading order
dynamics of a wave function which is initially close to a condensate ϕ⊗N0 , in the sense of
lim
N→∞
Tr
∣∣γ(1)Ψ0 − |ϕ0〉〈ϕ0|∣∣ = 0 ⇒ limN→∞Tr∣∣γ(1)Ψt − |ϕt〉〈ϕt|∣∣ = 0, (4)
1Note, however, that for actual experiments the Gross-Pitaevskii limit is more relevant, which is more
involved than the mean field limit we are considering in the present work.
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where Tr denotes the trace, and the one-particle state ϕt solves the nonlinear time-dependent
Hartree equation
i∂tϕt = h
t,ϕtϕt (5)
with initial condition ϕ0. The operator γ
(1)
Ψ : L
2(R3) → L2(R3) is the one-body reduced
density matrix of Ψ ∈ L2s(R3N), defined by its kernel
γ
(1)
Ψ (x, y) =
∫
Ψ(x, x2, ..., xN)Ψ(y, x2, ..., xN )dx2...dxN , and |ϕt〉〈ϕt| = γ(1)
ϕ⊗Nt
.
Implications like (4) are referred to as propagation of chaos or persistence of condensation,
and have been proven in different and very general settings, e.g., [21, 16, 17, 42, 14, 39, 12, 13,
15, 8, 37, 22, 9]. The question whether and for which situations factorization holds in the first
place is answered by Hartree theory as well. The ground state of a weakly interacting Bose
gas obeys the property of Bose-Einstein condensation: the wave function Ψ(0) corresponding
to the lowest eigenvalue of a Hamiltonian of the form (2) factorizes into an N -fold product
of a single one-particle wave function ϕ(0) which is determined by minimizing the nonlinear
Hartree functional
Eh0,ϕ(ϕ) = {〈ϕ, h0,ϕϕ〉 : ϕ ∈ H1(R3), ||ϕ|| = 1}. (6)
The condensation property holds again in the reduced sense (being true at least in the case
when there exists a unique minimizer of Eh0,ϕ(ϕ)), i.e.,
lim
N→∞
Tr
∣∣γ(1)
Ψ(0)
− |ϕ(0)〉〈ϕ(0)|∣∣ = 0. (7)
It further holds for a comparison of the energies, since E
(0)
N = Ne
(0) + oN(N) where E
(0)
N
denotes the infimum of the spectrum σ(H0) and e(0) the infimum of (6) (the symbol oN(A)
stands for terms with oN(A)/A→ 0 for N →∞). The rigorous analysis of this question goes
back to [3, 30]. For recent results and an extensive list of references, we refer to [24].
The notion of distance in (4) and (7) is equivalent to convergence of bounded k-particle
operators with norm of order one (for fixed k when N tends to ∞). This, in turn, is strong
enough to imply a law of large numbers type result for such observables. In order to control
unbounded observables, e.g., the energy or momentum, a slightly stronger statement than (4)
is needed. A suitable generalization is given by
lim
N→∞
Tr
∣∣√1−∆(γ(1)Ψt − |ϕt〉〈ϕt|)√1−∆∣∣ = 0, (8)
i.e., convergence in the so-called energy trace norm. Questions in this direction have been
studied in [32, 31] and more recently in [1]. Yet another natural notion of distance, much
stronger compared to convergence in terms of reduced densities, is the L2-norm on the full N -
particle space L2s(R
3N ). In the interacting case, i.e., for v 6= 0, the ground state is not close to a
product of one-particle wave functions, and neither does the initial product structure survive
the dynamics in the L2 sense. If only a single particle is not in the correct condensate wave
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function, there is no closeness in L2-norm. On the other hand, condensation is a macroscopic
phenomenon, i.e., it still holds, even if a few out of a very large number N of particles
are not in the condensate. The property of condensation, and persistence of condensation, is
therefore correctly understood by means of the topology of reduced densities, e.g., in the sense
of (4) or (8). An approximation in terms of the L2-distance of Ψt or the ground state Ψ
(0) is
nevertheless highly interesting. For example, a large N approximation in L2(R3N ) is closely
connected to the analysis of low energy excitations which are relevant, e.g., for the explanation
of superfluidity and other collective phenomena. It can be understood as the next-to-leading
order correction to Hartree theory, and is known under the name of Bogoliubov theory [6].
The rigorous analysis of spectral low energy properties in terms of Bogoliubov theory for
the weakly interacting Bose gas has been initiated more recently. In [18, 28, 29, 41, 43], the
next-to-leading order contribution EBog in the ground state energy E0N = Ne
(0)+EBog+oN(1)
has been derived. Then, in [40], the complete Bogoliubov theory (of the low energy spectrum
and low energy eigenfunctions) was derived for the homogenous gas on the torus, which was
generalized in [19, 26], and further generalized to a mean field large volume limit in [11]. In
[25], Bogoliubov theory was derived also for the time-dependent problem. The main result of
[25] is a full characterization of fluctuations in Ψt around the Hartree product ϕ
⊗N
t . It was
shown that
lim
N→∞
∣∣∣∣∣∣Ψt − N∑
k=0
ϕ⊗N−kt ⊗s χ(k)t
∣∣∣∣∣∣ = 0, (9)
where ⊗s stands for the normalized symmetric tensor product, cf. (24), and the correla-
tion functions (χ
(k)
t )k≥0 solve a Schro¨dinger equation on the bosonic Fock space (constructed
over orthogonal complement of the Hartree solution {ϕt} ⊂ L2(R3N)) with N -independent,
quadratic Hamiltonian.
In this work, we contribute to the understanding of (4), (8) and (9). Besides that, we
introduce a first quantized version of Bogoliubov theory. Our strategy is to first show norm
convergence of Ψt towards the solution Ψ˜t of a Schro¨dinger equation with a modified and
much simpler quadratic Hamiltonian H˜t. If we denote by p
t
i = |ϕt(xi)〉〈ϕt(xi)| respectively by
qti = 1− pti the orthogonal projector in the variable xi onto the subspace {ϕt} respectively its
orthogonal complement, the Hamiltonian H˜ t is obtained from the original Hamiltonian (2),
H t =
N∑
i=1
ht,ϕti + λN
∑
1≤i<j≤N
(pti + q
t
i)(p
t
j + q
t
j)
(
vij − v ∗ |ϕt|2i + µϕt
)
(pti + q
t
i)(p
t
j + q
t
j),
by discarding all terms that contain three or four qt’s. When acting on wave functions that
are, in a certain sense, sufficiently close to the Hartree product, H˜ t coincides, up to terms
that become small for large N , with the usual definition of the Bogoliubov Hamiltonian. After
showing in Theorem 2.7 that
||Ψt − Ψ˜t|| ≤ e
Cϕt
√
N
,
where Ψ˜t solves the Schro¨dinger equation with Hamiltonian H˜
t, we derive
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1. in Theorem 2.8 that γ
(1)
Ψt
converges to |ϕt〉〈ϕt| in trace norm with optimal rate 1/N , as
well as in energy trace norm with rate 1/
√
N ,
2. in Theorem 2.10 the approximation of Ψt in terms of correlation functions (χ
(k)
t )k≥0 in
the sense of (9), with expected optimal rate.
Both results hold for a class of initial states that is expected to include ground states of
interacting systems. As already noted above, those initial states have a nontrivial dynamics
if external fields are removed or changed. The first point is an extension of earlier results.
Convergence in trace norm with rate 1/N was shown in [13, 8, 9, 23] for initial wave functions
that are completely factorized. It is interesting to note, and this is in agreement with the pre-
vious results, that the Hartree approximation is not sufficient to prove (4) with optimal rate.
In [1], convergence in terms of the energy trace norm was derived by means of a compactness
argument without explicit error. The characterization of Ψt in terms of correlation functions
(χ
(k)
t )k≥0, was first studied in a mathematical rigorous way in [25]. In the present work, we
derive the optimal error of this approximation which was not included in the analysis of [25,
cf. Remark 3].
From the technical point of view, our approach consists of a generalization of the method
that was used to derive the Hartree equation in [37, 22]. We expect this approach to turn
out stable and versatile and therefore also useful in order to derive similar results for more
complicated situations, in particular for the NLS and Gross-Pitaevskii limit. Next-to-leading
order corrections in Ψt have been studied very recently in [33, 34] for the NLS equation with
0 ≤ β < 1
2
. Let us note that there are also very strong results about the L2-approximation
for states on Fock space, derived by means of the coherent state method that goes back to
Hepp [21]. These results cover the weakly interacting case [20] as well as the NLS limit for all
β < 1 [5] (a detailed list of references can be found in [33, Section 1.2]). The intial states are
here coherent states in Fock space, or slight generalizations thereof. These results also give
convergence in L2-norm for initial N -particle product states, with a worse convergence rate.
It is unclear whether the results also imply convergence of initial N -particle ground states,
like we consider in this article, or that were considered in [25, 33, 34]. For a more detailed
comparison, we refer to [25, Section 3].
2 Main results
The basic assumptions throughout our analysis are summarized in
Assumptions A.1.
1. The external potential satisfies W t ∈ L∞(R3) and ∂tW t ∈ L∞(R3) for all t ≥ 0.
2. The two-particle potential v is real valued and even and satisfies v2 ≤ C(1−∆).
It follows from standard arguments that H t, t ≥ 0, is self-adjoint on H2s (R3N) and that
the N -body propagator Ut−s, defined by i∂tUt−s = H
tUt−s, U0 = 1, exists and satisfies
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UtΨ0 ∈ H2s (R3N ) for all t. Invoking the assumed bound on v, Hardy’s inequality yields
||v ∗ |ϕt|2||∞ + ||v2 ∗ |ϕt|2||∞ ≤ C(||ϕt|| ||∇ϕt||+ ||∇ϕt||2). (10)
It further follows (e.g., by adapting the techniques used in [7] to our setting) that for every
initial wave function ϕ0 ∈ H2(R3), the Hartree equation admits a unique solution
ϕt ∈ C([0,∞), H2(R3)) ∩ C1([0,∞), L2(R3)).
Remark 1. A model that satisfies all listed assumptions and which we recommend to have in
mind is the Bose gas with Coulomb interaction, h = −∆, v(x) = ±|x|−1, where the initial
trap is removed at time zero.
We now define some operators we will use throughout this article. Let ϕt denote the
solution to the Hartree equation.
Definition 2.1. For any 1 ≤ i ≤ N , we define the time-dependent projectors
pti :L
2(R3N)→ L2(R3N), ptkΨ(x1, ..., xN) = ϕt(xi)
∫
ϕt(xi)Ψ(x1, ..., xN)dxk,
and qtk = 1− ptk.
Definition 2.2. We introduce for all t ≥ 0 the Bogoliubov Hamiltonian
H˜ t =
N∑
i=1
ht,ϕti + λN
∑
1≤i<j≤N
[(
ptiq
t
jv(xi − xj)qtiptj + ptiptjv(xi − xj)qtiqtj
)
+ h.c.
]
, (11)
where h.c. stands for the hermitian conjugate of the preceding terms. H˜ t is self-adjoint on
H2s (R
3N ) for all t ≥ 0. We denote the corresponding unitary time evolution by Ψ˜t = U˜tΨ0 for
any Ψ0 ∈ L2(R3N). A straightforward computation verifies the identity
H = H˜ t + λN
∑
1≤i 6=j≤N
[(
qtiq
t
j
(
vij − v¯ϕtj
)
qtip
t
j + q
t
iq
t
j
(
vij − v¯ϕtj + µϕt
)
qtiq
t
j
)
+ h.c.
]
(12)
where vij = v(xi − xj), v¯ϕtj =
(
v ∗ |ϕt|2
)
(xj) and µ
ϕt = 1
2
∫ (
v ∗ |ϕt|2
)
(x)|ϕt(x)|2dx.
Notation. We use 〈·, ·〉 for the scalar product and || · || for the corresponding norm for both,
the N -particle and one-particle space, i.e., for L2(R3N) and L2(R3), respectively. The letter
C denotes a constant whose value may change from one line to another. In particular, all
constants are independent of N .
2.1 Norm convergence of Ψt towards Ψ˜t
The main ingredient for our first main result are the following estimates for Ψt and Ψ˜t (all
proofs are postponed to Section 3).
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Lemma 2.3. Let ϕt be the unique solution of the Hartree equation (5) with initial condition
ϕ0 ∈ H1(R3), ||ϕ0|| = 1, and let Ψ0 ∈ L2s(R3N ), ||Ψ0|| = 1. Then, for Φt ∈ {UtΨ0, U˜tΨ0},
there exist positive constants Cϕt , Cn such that for all n ≤ N and all t > 0,
〈
Φt,
( n∏
j=1
qtj
)
Φt
〉 ≤eCϕt n∑
i=0
Cn
Nn−i
〈
Ψ0,
( i∏
j=1
q0j
)
Ψ0
〉
.
Remark 2. As a rule of thumb, the lemma tells us that (for appropriate initial wave functions)
each projector qt multiplied with Ψt = UtΨ0 or with Ψ˜t = U˜tΨ0 gives a factor 1/
√
N .
Remark 3. The quantity α(t) =
〈
Ψt, q
t
1Ψt
〉
counts the relative number of particles outside
the condensate in Ψt. In [37, 22], it was shown that α(t) ≤ eCϕtN−1 for appropriate initial
conditions, which was used to derive γ
(1)
Ψt
→ |ϕt〉〈ϕt| by means of the relation (see, e.g., [22,
Lemma 2.3]) 〈
Ψt, q
t
1Ψt
〉 ≤ Tr∣∣γ(1)Ψt − |ϕt〉〈ϕt|∣∣ ≤√8〈Ψt, qt1Ψt〉. (13)
Along with some modifications, the n = 1 case has been also used to derive the time-dependent
Hartree equation for very singular potentials [22, Section 4], the Hartree equation in a large
volume mean field limit [10], the NLS equation without positivity condition [36] as well as the
Gross-Pitaevskii equation [38]. The idea is also applicable for fermions to derive the Hartree
and Hartree-Fock equations in the corresponding mean field limit [35, 2].
Each term in the effective two-body potential in H˜ t contains exactly two qt’s and two
pt’s. Therefore, no mass flow is generated between even and odd sectors of the number of
particles outside the Hartree state. In order to make this observation precise let us introduce
the projectors onto the even and odd sectors in L2(R3N ) w.r.t. the product wave function
ϕ⊗Nt ,
f̂ todd : L
2(R3N)→ L2(R3N), Ψ 7→ f̂ toddΨ =
N∑
k=0
k odd
( k∏
i=1
qti
N∏
i=k+1
pti
)
sym
Ψ, (14)
f̂ teven : L
2(R3N)→ L2(R3N), Ψ 7→ f̂ tevenΨ =
N∑
k=0
k even
( k∏
i=1
qti
N∏
i=k+1
pti
)
sym
Ψ, (15)
where (·)sym abbreviates the symmetric tensor product, cf. (35). It follows directly that 1 =
f̂ todd + f̂
t
even and f̂
t
oddf̂
t
even = f̂
t
evenf̂
t
odd = 0.
Lemma 2.4. Let ϕt ∈ H1(R3) be the solution to the Hartree equation (5) with initial datum
ϕ0 ∈ H1(R3), let Ψ0 ∈ L2s(R3N ) and Ψ˜t = U˜tΨ0. Then
||f̂ t
even
Ψ˜t|| = ||f̂ 0evenΨ0||, ||f̂ toddΨ˜t|| = ||f̂ 0oddΨ0||.
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This property is important in order to obtain bounds on expectation values of one-body
operators A1 for which one needs to estimate correlations between the even and odd sector,
e.g., terms like
〈
Ψ, pt1A1q
t
1Ψ
〉
. In particular, it is used to control the part of the wave function
Ψt that describes the few particles outside the Hartree state, see the following Lemma 2.6.
Lemma 2.4 follows easily from verifying that
[
H˜ t −
N∑
i=1
ht,ϕti , f̂
t
odd
]
= 0 =
[
H˜ t −
N∑
i=1
ht,ϕti , f̂
t
even
]
.
Since we are after an L2 approximation of Ψt, it is necessary to have good control of
the behavior of all N particles. This means that also good control of particles outside the
condensate is required. For bounded potentials, one can use the fact that the number of
such particles is small compared to N , and that they can therefore not disturb the other
particles too much. For singular potentials, however, already a few badly behaving particles
can in principle cause problems when they come close together and generate a large potential
energy. That such behavior is very unlikely is due to energy conservation. In order to deal
with singular potentials, the idea is thus to use energy conservation to obtain sufficient control
of the regularity of the part of Ψt which describes particles outside the Hartree product. This,
in turn, leads to appropriate bounds on the potential energy of these particles.
Definition 2.5. For ϕ ∈ H1(R3), Ψ ∈ H1(R3N), we define the mean field energy and the
energy per particle w.r.t. H t by
Eht,ϕ : H1(R3)→ R, ϕ 7→ Eht,ϕ(ϕ)= ||∇1ϕ||2 + ||W t1ϕ||2 + µϕ, (16)
EHt : H1s (R3N )→ R, Ψ 7→ EHt(Ψ) = ||∇1Ψ||2 + ||W t1Ψ||2 +
1
2
〈
Ψ, v12Ψ
〉
. (17)
Lemma 2.6. Let ϕt ∈ H2(R3) be the solution of the Hartree equation (5) with initial datum
ϕ0 ∈ H2(R3), ||ϕ0|| = 1, and let Ψ0 ∈ H1s (R3N ), ||Ψ0|| = 1 and Ψt = UtΨ0, Ψ˜t = U˜tΨ0. Then
there exists a positive constant Cϕt such that for all t ≥ 0,
||∇1qt1Ψt||2 ≤C||Ψt − Ψ˜t||2 + C|EH0(Ψ0)− Eh0,ϕ0 (ϕ0)|+ Cϕt ||f̂ 0oddΨ0||2
+ eC
ϕt
(
N ||q01q02Ψ0||2 + ||q01Ψ0||2 +
1
N
)
.
Remark 4. Similar regularity properties of qt1Ψt have been used in the derivation of the Gross-
Pitaevskii equation [38] or the Hartree equation for very singular potentials [22], both in the
sense of reduced density matrices. The main difference here is that the explicit error on the
r.h.s. is of order 1/N instead of 1/
√
N as, e.g., in [22, Lemma 4.6]. This improvement comes
for the price of having the additional terms ||Ψt − Ψ˜t||2 and ||f̂ 0oddΨ0||2. The reason for the
better explicit error is the result from Lemma 2.4, i.e., the fact that H˜ t does not couple the
odd and even sectors of the wave function. Correlations between odd and even parts, in
particular terms like
〈
Ψt, p
t
1∆1q
t
1Ψt
〉
, lead to the convergence rate 1/
√
N in [22, Lemma 4.6].
That such correlations are not created during time evolution is, of course, not a priori known
for the full Hamiltonian H t.
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From now on, let ϕt be the solution to the Hartree equation (5) with initial condition
ϕ0 ∈ L2(R3), ||ϕ0|| = 1, let Ψt = UtΨ0 and Ψ˜t = U˜tΨ0 with Ψ0 ∈ L2s(R3N), ||Ψ0|| = 1, and let
the initial wave functions ϕ0, Ψ0 satisfy
Assumptions A.2.
1. ϕ0 ∈ H2(R2), Ψ0 ∈ H1(R3N ), and |EH0(Ψ0)− Eh0,ϕ0 (ϕ0)| ≤ CN−1
2.
〈
Ψ0,
(∏n
i=1 q
0
i
)
Ψ0
〉 ≤ CN−n for n = 1, 2, 3,
3. ||f̂ 0oddΨ0|| ≤ CN−
1
2 .
Remark 5. Note that instead of A.2.3, one could equivalently assume that the even part of the
wave function is initially small, i.e., ||f̂ 0evenΨ0|| ≤ CN−
1
2 . This would lead to the exact same
results with all proofs being completely analogous (therefore we restrict ourselves to A.2.3).
Theorem 2.7. Let ϕ0,Ψ0 satisfy Assumptions A.2. Then there exists a time-dependent con-
stant Cϕt > 0 such that for all t ≥ 0,
||Ψt − Ψ˜t|| ≤ e
Cϕt
√
N
. (18)
Remark 6. It can be verified along the lines of the proof that the constant that appears on
the r.h.s. is given in terms of a polynomial P : R→ R+ s.t. Cϕt = ∫ t
0
P (||∆ϕs||)ds.
Remark 7. To obtain convergence in (18) for bounded potentials is very straightforward. The
idea is to apply Duhamel’s formula leading to
||Ψt − Ψ˜t||2 =
∣∣∣2 ∫ t
0
Im
〈
Ψs, (H
s − H˜s)Ψ˜s
〉
ds
∣∣∣,
and then use that λN = 1/(N−1), together with the fact that each term in Hs− H˜s contains
three or four qs’s, cf. (12). For a bounded potential, convergence then follows immediately
from Lemma 2.3.
Remark 8. One example of a wave function that satisfies Assumptions A.2 is the complete
product state Ψ0 = ϕ
⊗N
0 , which is, however, very far from the ground state of an interacting
system in the L2-norm sense. As we already mentioned in the introduction, the picture behind
the experimental realization of Bose-Einstein condensation is that one starts with the ground
state of a trapped gas and removes the trap or disturbs the gas in another way, and then
observes the nontrivial time evolution of the particles. It would be a nice completion of the
overall argument if one could show that the ground state of a Hamiltonian H0 of the form
(2) satisfies all three conditions from Theorem 2.7. In [26], e.g., it was shown that the next-
to-leading order corrections to the ground state wave function Ψ(0) can be described in terms
of a family of correlation functions (χ(k))k≥0 in the same sense as was explained for the time-
dependent problem in (9). It was shown that (χ(k))k≥0, interpreted as an element of the bosonic
Fock space, is quasi free. The quasi free property is similar but not equivalent to conditions
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A.2.2 and A.2.3, and the general results from [26] are not sufficient to show that A.2.2 and
A.2.3 hold quantitatively for the situation that we have in mind. In a forthcoming work, we
answer this question affirmatively in a more restricted setting, namely for the homogeneous
gas on the torus, i.e., for R3N replaced by T3N with |T| < ∞, and W 0 = 0. We expect the
ground state to satisfy Assumptions A.2 also in a more general setting, in particular for the
initially trapped gas, for which it is technically much more difficult to analyze the ground
state properties and to show that the static (or initial) approximation is as good as the one
of the dynamics.
2.2 Trace norm convergence
Using the previous theorem together with Lemmas 2.3 and 2.4, one can show that γ
(1)
Ψt
→
|ϕt〉〈ϕt| with rate 1/N . We emphasize that by means of controlling only the relative number of
particles in the condensate instead of the full L2-approximation of Ψt, trace norm convergence
of the reduced density can only be shown with error ∝ 1/√N , cf. Remark 10. It follows also
straightforwardly, using in addition Lemma 2.6, that γ
(1)
Ψt
is close to |ϕt〉〈ϕt| in terms of the
energy trace distance.
Theorem 2.8. Let ϕ0,Ψ0 satisfy Assumptions A.2. Then there exists a time-dependent con-
stant Cϕt such that for all t ≥ 0,
Tr
∣∣γ(1)Ψt − |ϕt〉〈ϕt|∣∣ ≤ eCϕtN , (19)
Tr
∣∣√1−∆(γ(1)Ψt − |ϕt〉〈ϕt|)√1−∆∣∣ ≤ eCϕt√N . (20)
Remark 9. For a proof of the first statement, we actually require less regularity of ϕ0 than
stated in Assumptions A.2. To this end note that one finds a similar norm approximation as
in Theorem 2.7, using an effective Hamiltonian defined by
H˜ t + λN
∑
1≤i 6=j≤N
qtiq
t
j
(
vij − v¯ϕti
)
qtiq
t
j . (21)
In this case, Lemma 2.6 together with Assumption A.2.1 are not needed to derive a result
analogous to (18), and therefore it is sufficient to assume ϕ0 ∈ H1(R3). We omit further
details since the indicated argument can be readily verified along the steps of the proof of
Theorem 2.7 when H˜ t is replaced by (21).
Remark 10. The vanishing of the r.h.s. in (19) for large N is a long known result, see references
below (4). The optimal rate, to our knowledge, has only been derived for initial conditions
equal to the full Hartree product [13, 8, 9, 23]. Theorem 2.8 holds for more general wave
functions, and in particular, we expect it again to hold for the ground state of a trapped,
interacting system (recall Remark 8). That it is not possible to improve the error further, can
be inferred from (13). The l.h.s. converging faster than 1/N would imply the wave function
Ψt to be close to the state ϕ
⊗N
t in L
2 sense. The latter is known to be false for interacting
systems, as can be inferred, e.g., from (18).
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Remark 11. Following the argument from the proof of (19), one can show as well that for any
fixed integer k, the k-particle reduced density, γ
(k)
Ψ : L
2(R3k)→ L2(R3k), defined by its kernel
γ
(k)
Ψ (x1, ..., xk, y1, ..., yk) =
∫
Ψt(x1, ..., xk, xk+1...xN )Ψt(y1, ..., yk, xk+1...xN )dxk+1...dxN ,
converges to the k-fold product of the Hartree density, i.e.,
Tr
∣∣γ(k)Ψt − |ϕt〉〈ϕt|⊗k∣∣ ≤ eCϕtkN .
2.3 Bogoliubov corrections on Fock space
We define the set of correlation functions (χ˜(k))Nk=0, χ˜
(k) ∈ qt1 ⊗ ...⊗ qtkL2s(R3k) ≡ H(k),ts , by
χ˜
(k)
t (x1, ..., xk) =
√
N !
k!(N − k)!
(
k∏
i=1
qti
)∫ ( N∏
i=k+1
ϕt(xi)
)
Ψ˜t(x1, ..., xN) dxk+1 . . . dxN . (22)
By means of the partition 1 =
∑N
k=0(q
t
1...q
t
kp
t
k+1...p
t
N)sym, c.f. Definition 3.2, one can show
that the following time-dependent decomposition of Ψ˜t, in terms of ϕt and the correlation
functions χ˜
(k)
t , holds as an identity at all times,
Ψ˜t =
N∑
k=0
ϕ⊗N−kt ⊗s χ˜(k)t . (23)
Here, ⊗s stands for the normalized symmetric tensor product between ψ(l) ∈ L2(R3l) and
ψ(k) ∈ L2(R3k) defined by
ψ(l) ⊗s ψ(k) = 1√
k!l!(k + l)!
∑
σ∈Pk+l
ψ(l)(xσ(1), ..., xσ(l))ψ
(k)(xσ(l+1), ..., xσ(l+k)). (24)
It follows from (22) that the χ˜
(k)
t are orthogonal to ϕt at all times, as well as that ||χ˜(k)t ||2H(k),ts
equals the probability of finding exactly k particles in Ψ˜t which are not in the condensate
wave function. The idea of decomposing an N -particle wave function according to (23) and
to study the thereby defined k-particle correlation functions was introduced in [26] where it
was used to fully characterize the low energy spectrum (eigenvalues and eigenvectors) of the
Bose gas in the mean field limit. The idea was then used to study the time evolution in [25]
for the mean field limit and similarly in [33, 34] for the NLS scaling.
We next introduce the coupled hierarchy of Bogoliubov equations determining the time
evolution of an infinite set of correlation functions which we denote by (χ
(k)
t )k≥0, χ
(k)
t (x1, ..., xk) ∈
11
H(k),ts ,
i∂tχ
(0)
t =
1√
2
∫ ∫
K(2),t(x, y)χ
(2)
t (x, y)dxdy,
i∂tχ
(1)
t (x1) =
(
hϕt1 +K
(1),t
1
)
χ
(1)
t (x1) +
√
6
2
∫ ∫
K(2),t(x, y)χ
(3)
t (x1, x, y)dxdy,
i∂tχ
(k)
t (x1, ..., xk) =
k∑
i=1
(
hϕti +K
(1),t
i
)
χ
(k)
t (x1, ..., xk)
+
1
2
√
k(k − 1)
∑
1≤i<j≤k
K(2),t(xi, xj)χ
(k−2)
t (x1, ..., xk\xi\xj)
+
√
(k + 1)(k + 2)
2
∫ ∫
K(2),t(x, y)χ
(k+2)
t (x1, ..., xk, x, y)dxdy (25)
for all k ≥ 2. Here, K(1),t : L2(R3) → L2(R3) is given by K(1),t = qtK˜(1),tqt where K˜(1),t :
L2(R3)→ L2(R3) is defined via its integral kernel K˜(1),t(x, y) = ϕt(y)v(x− y)ϕt(x). Further,
K(2),t : L2(R3)⊗L2(R3)→ qtL2(R3)⊗qtL2(R3) with K(2),t = qt⊗qtK˜(2),t where K˜(2),t(x, y) =
v(x− y)ϕt(x)ϕt(y).
Remark 12 (Equivalence to Bogoliubov theory on Fock space). Interpreting (χ
(k)
t )k≥0 = χt as
an element of the time-dependent Fock space over the excitations around the Hartree state
ϕt, i.e., Fs(H(1),t) =
⊕∞
n=0H(n),ts , the above hierarchy (25) is equivalent to the Schro¨dinger
equation
i∂tχt = H
t
Bogχt (26)
on Fs(H(1),t). The quadratic Hamiltonian HtBog is nonparticle conserving and given by
HtBog =
∫
a∗x
(
ht,ϕtx +K
(1),t
x
)
ax dx+
1
2
∫ ∫ [
K(2),t(x, y)a∗xa
∗
y +K
(2),t(x, y)axay
]
dxdy,
where the operator-valued distributions a∗x, ax are defined as
(a∗xχ)
(k)(x1, ..., xk) =
1√
k
k∑
i=1
δ(xi − x)χ(k−1)(x1, ...xk\xi),
(axχ)
(k)(x1, ..., xk) =
√
k + 1
∫
χ(k+1)(x1, ...xk, x)dx.
The decomposition of Ψ˜t in (23) corresponds then to a partial isometry given by
Uϕt : L2s(R
3N)→ Fs(H(1),t), Ψ 7→ UϕtΨ = χ(0)t ⊕ χ(1)t ⊕ ...⊕ χ(N)t ⊕ 0⊕ 0⊕ ...,
where the χ(k) ∈ H(k),ts are defined as in (22) with Ψ˜t replaced by Ψ. For more details, we
refer the reader to [25] and [33].
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Remark 13 (Equivalence to Bogoliubov theory for density matrices). Yet another way to
understand the Bogoliubov hierarchy was considered in [33], motivated by ideas from [20]. If
one defines the density matrices γt : H(1),t →H(1),t and αt : H(1),t →H(1),t by
〈f, γtg〉 =
〈
χt, a
∗(g)a(f)χt
〉
Fs(H(1),t)
, 〈f, αtg〉 =
〈
χt, a(g)a(f)χt
〉
Fs(H(1),t)
,
the hierarchy (25) is equivalent to the pair of coupled equations for γt and αt,
i∂tγt =
(
ht,ϕt +K(1),t
)
γt − γt
(
ht,ϕt +K(1),t
)
+K(2),tαt − α∗tK(2),t∗,
i∂tαt =
(
ht,ϕt +K(1),t
)
αt + αt
(
ht,ϕt +K(1),t
)T
+K(2),t +K(2),tγTt + γtK
(2),t.
Remark 14. Well-posedness of the Bogliubov hierarchy (25), or equivalently of (26) has been
shown in [25, Section 4.3]. The main difficulty is the time-dependence of HtBog, and one
essential ingredient is to show that K
(2)
t is a Hilbert-Schmidt operator. This corresponds to
the physical fact that only a finite number of correlations (particles in Fs(H(1),t)) is created
during time evolution.
Our last goal is to show that the corrections to the Hartree product in Ψt are effectively
described by the solutions of the Bogoliubov hierarchy, i.e.,
lim
N→∞
∣∣∣∣∣∣Ψt − N∑
k=0
ϕ⊗N−kt ⊗s χ(k)t
∣∣∣∣∣∣ = 0. (27)
To this end, it remains to show that limN→∞ χ˜
(k)
t = χ
(k)
t .
Lemma 2.9. Let ϕ0,Ψ0 satisfy Assumptions A.2. If (χ˜
(k)
t )
N
k=0 is given by (22), and (χ
(k)
t )k≥0
solves the Bogoliubov hierarchy (25) with initial condition (χ
(k)
0 = χ˜
(k)
0 )
N
k=0 and (χ
(k)
0 =
0)k≥N+1, then there exists a time-dependent constant C
ϕt > 0 such that for all t ≥ 0,
N∑
k=0
||χ˜(k)t − χ(k)t ||2H(k),ts ≤
eC
ϕt
N
.
Remark 15. We emphasize that all elements of the tuple (χ˜
(k)
t )
N
k=0 depend explicitly on N
whereas the sequence (χ
(k)
t )k≥0 is N -independent.
A quantitative version of (27) follows as a simple corollary of Theorem 2.7 and the previous
lemma.
Theorem 2.10. Let ϕ0,Ψ0 satisfy Assumptions A.2. If (χ
(k)
t )k≥0 solves the Bogoliubov hier-
archy (25) with initial condition
χ
(k)
0 (x1, ..., xk) =
√
N !
k!(N − k)!
(
k∏
i=1
q0i
)∫ ( N∏
i=k+1
ϕ0(xi)
)
Ψ0(x1, ..., xN) dxk+1 . . . dxN
for 0 ≤ k ≤ N , and (χ(k)0 = 0)k≥N+1, then there exists a time-dependent constant Cϕt > 0
such that for all t ≥ 0, ∣∣∣∣∣∣Ψt − N∑
k=0
ϕ⊗N−kt ⊗s χ(k)t
∣∣∣∣∣∣ ≤ eCϕt√
N
.
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3 Proofs
We first state a technical lemma from which the proofs of the theorems then follow eas-
ily. We defer its proof to Section 3.3. It can essentially be read as estimates for terms like
|〈Φ, [qϕ1 , A1]Φ˜〉|, where A1 is a one-particle operator and Φ, Φ˜ symmetric wave functions. To
have control of such terms is important in order to use each of the qt’s that are available in
the terms that need to be estimated.
Lemma 3.1. Let ϕ ∈ L2(R3), Φ, Φ˜ ∈ L2s(R3N), and pϕi = |ϕ(xi)〉〈ϕ(xi)|, qϕi = 1 − pϕi as in
Definition (2.1) and f̂ϕ
odd
, f̂ϕ
even
as in (14) and (15).
1. Let A1 be an operator on L
2(R3) with ||A1pϕ1 ||op < C. Then∣∣〈Φ, qϕ1A1pϕ1Φ〉∣∣ + ∣∣〈Φ, pϕ1A1qϕ1Φ〉∣∣ ≤ C||Φ− Φ˜||2 + C||f̂ϕoddΦ˜||2 + Cϕ(||qϕ1Φ||2 + 1N ).
(28)
2. Let v = v(x) satisfy v2 ≤ C(1−∆). Then
∣∣〈Φ˜, qϕ1 qϕ2 v(x1 − x2)qϕ1 qϕ2Φ〉∣∣ ≤ CN ||qϕ1 qϕ2 qϕ3 Φ˜||22 + ||∇1qϕ1Φ||22N + ||qϕ1Φ||22N . (29)
3. Let A12 = A21 be an operator on L
2(R3)⊗ L2(R3) with ||A12pϕ2 ||op < C. Then∣∣〈Φ, (qϕ1 qϕ2A12qϕ1 pϕ2 + h.c.)Φ˜〉∣∣
≤ C||Φ− Φ˜||
2
N
+
C||f̂ϕ
odd
Φ˜||2
N
+ CϕtN
(
||qϕ1 qϕ2 qϕ3Φ||2 + ||qϕ1 qϕ2 qϕ3 Φ˜||2
)
. (30)
3.1 Proofs of Theorems 2.7, 2.8 and 2.10
Proof of Theorem 2.7. Our goal is to estimate the time derivative of ||Ψt − Ψ˜t||2 in terms of
itself and a small error, i.e., we are after a bound of the type
∂t||Ψt − Ψ˜t||2 ≤ C||Ψt − Ψ˜t||2 + C
ϕt
N
.
Then, Gro¨nwall’s Lemma, together with Ψt=0 = Ψ˜t=0 = Ψ0, implies (18) (note that by a
standard density argument the following calculations hold for all Ψ0 ∈ L2s(R3N)).
Using that H˜ t is self-adjoint together with (12) and the symmetry of Ψt and Ψ˜t , we find
∂t||Ψt − Ψ˜t||2 =2 Im
〈
Ψt − Ψ˜t, H tΨt − H˜ tΨ˜t
〉
=2 Im
〈
Ψt − Ψ˜t,
(
H t − H˜ t)Ψt〉− 2 Im 〈Ψt − Ψ˜t, H˜ t(Ψt − Ψ˜t)〉
=− 2 Im 〈Ψ˜t, (H t − H˜ t)Ψt〉
=− 4N Im 〈Ψ˜t, (qt1qt2(v12 − v¯ϕt1 )qt1pt2 + h.c.)Ψt〉 (31)
− 4N Im 〈Ψ˜t, qt1qt2v12, qt1qt2Ψt〉+ 4N〈Ψ˜t, qt1qt2(v¯ϕt1 − µϕt)qt1qt2Ψt〉. (32)
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For the first line, we use (10) from which it follows that ||v12pt2||op ≤ C, and then apply (30).
Then with Lemmas 2.3 (for n ≤ 3) and 2.4, together with Assumptions A.2, we obtain
|(31)| ≤C||Ψt − Ψ˜t||2 + C||f̂ toddΨ˜t||2 + CϕtN2
(
||qt1qt2qt3Ψt||2 + ||qt1qt2qt3Ψ˜t||2
)
≤C||Ψt − Ψ˜t||2 + C
ϕt
N
.
For the first term in the second line, we proceed by means of (29), and then apply Lemmas
2.3 and 2.6,
N
∣∣〈Ψ˜t, qt1qt2v12, qt1qt2Ψt〉∣∣ ≤ CN2||qt1qt2qt2Ψ˜||22 + C||∇1qt1Ψt||22 ≤ C||Ψt − Ψ˜t||2 + CϕtN .
The last term is small since ||v¯ϕt||op ≤ C, and thus via Lemma 2.3 together with Assumption
A.2.2,
N
∣∣〈Ψ˜t, qt1qt2(v¯ϕt1 − µϕt)qt1qt2Ψt〉∣∣ ≤ CϕtN .
Proof of Theorem 2.8. We start from the fact that
Tr
∣∣γ(1)Ψt − |ϕt〉〈ϕt|∣∣ = sup
||A1||≤1
∣∣Tr(A1(γ(1)Ψt − |ϕt〉〈ϕt|))∣∣
where the supremum is taken over compact operators A1 acting on L
2(R3) with norm smaller
or equal to one. Inserting the identity 1 = pt1 + q
t
1 around A1, we find∣∣Tr(A1(γ(1)Ψt − |ϕt〉〈ϕt|∣∣))∣∣ =∣∣〈Ψt, A1Ψt〉− 〈ϕt, A1ϕt〉∣∣
≤∣∣〈Ψt, pt1A1pt1Ψt〉− 〈ϕt, A1ϕt〉∣∣+ ∣∣〈Ψt, qt1A1qt1Ψt〉∣∣
+
∣∣〈Ψt, pt1A1qt1Ψt〉∣∣ + ∣∣〈Ψt, qt1A1pt1Ψt〉∣∣. (33)
The first term is small,
∣∣〈Ψt, pt1A1pt1Ψt〉− 〈ϕt, A1ϕt〉∣∣ = |〈ϕtA1ϕt〉| ∣∣〈Ψt, (pt1 − 1)Ψt〉∣∣ ≤ eCϕtN ,
and so is the second term in the first line, both by means of Lemma 2.3. For the second line,
we can use (28) in order to find
|(33)| ≤ C||Ψt − Ψ˜t||2 + Cϕt
(
||qt1Ψt||2 + ||f̂ toddΨ˜t||2 +
1
N
)
≤ e
Cϕt
N
,
where the last step follows from Lemmas 2.3, 2.4 and Assumptions A.2.
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The second result follows from the estimate in Lemma 2.6, together with Lemma 2.3. We
start again from
Tr
∣∣√1−∆(γ(1)Ψt − |ϕt〉〈ϕt|)√1−∆∣∣ = sup
||A1||≤1
∣∣Tr(A1√1−∆(γ(1)Ψt − |ϕt〉〈ϕt|)√1−∆)∣∣,
where the supremum is taken over all compact operators with norm less or equal than one,
and compute
Tr
(
A1
√
1−∆(γ(1)Ψt − |ϕt〉〈ϕt|)√1−∆)
=
〈
Ψt, p
t
1
√
1−∆1A1
√
1−∆1pt1Ψt
〉− 〈ϕt,√1−∆A1√1−∆ϕt〉 (34)
+
〈
Ψt, q
t
1
√
1−∆1A1
√
1−∆1pt1Ψt
〉
+
〈
Ψt, p
t
1
√
1−∆1A1
√
1−∆1qt1Ψt
〉
+
〈
Ψt, q
t
1
√
1−∆1A1
√
1−∆1qt1Ψt
〉
.
The first line,
|(34)| = 〈ϕt,
√
1−∆A1
√
1−∆ϕt〉||qt1Ψt||2 ≤
eC
ϕt
N
since ||√1−∆1pt1||2op ≤ 〈ϕt, (1−∆1)ϕt〉. The first term in the second line,∣∣〈Ψt, qt1√1−∆1A1√1−∆1pt1Ψt〉∣∣ ≤ C(||qt1Ψt||+ ||∇1qt1Ψt||)||√1−∆1pt1||op ≤ eCϕt√
N
,
since ||√1−∆1qt1Ψt||2 ≤ ||qt1Ψt||2+||∇1qt1Ψt||2. The second term in the second line is estimated
in exactly the same way. For the term in the third line, we find
〈
Ψt, q
t
1
√
1−∆1A1
√
1−∆1qt1Ψt
〉 ≤ C||√1−∆1qt1Ψt||2 ≤ eCϕtN ,
which proves the estimate.
Proof of Theorem 2.10. Using the triangle inequality and Theorem 2.7, we know that
∣∣∣∣∣∣Ψt − N∑
k=0
ϕ⊗N−kt ⊗s χ(k)t
∣∣∣∣∣∣ ≤ eCϕt√
N
+ ||Ψ˜t −
N∑
k=0
ϕ⊗N−kt ⊗s χ(k)t ||,
where Ψ˜t = U˜tΨ0. Then, with Lemma 2.9 and ||ϕt|| = 1, it follows that∣∣∣∣∣∣Ψ˜t − N∑
k=0
ϕ⊗N−kt ⊗s χ(k)t
∣∣∣∣∣∣2 = N∑
k=0
||χ˜(k)t − χ(k)t ||2Ht,ks ≤
eC
ϕt
N
.
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3.2 Preliminaries for proofs of the remaining lemmas
We summarize some necessary definitions and preliminary assertions that are needed to prove
the remaining lemmas. Readers familiar with the method that was introduced in [37] can skip
this section.
Definition 3.2. Define the time-dependent projectors (P ϕtN,k)
N
k=0, P
ϕt
N,k : L
2(R3N)→ L2(R3N)
by
P ϕtN,k =
( k∏
i=1
qti
N∏
i=k+1
pti
)
sym
=
∑
{a∈{0,1}N :
∑
i ai=N}
N∏
i=1
(qti)
ai(pti)
1−ai . (35)
The following properties hold:
1. P ϕtN,k is an orthogonal projector,
2. P ϕtN,kP
ϕt
N,l = δklP
ϕt
N,k,
3. 1 =
∑N
k=0 P
ϕt
N,k,
4. [ptl , P
ϕt
N,k] = 0 = [q
t
l , P
ϕt
N,k].
Definition 3.3. We call any function f : {0, 1, ..., N} → R+0 a weight function (or simply
weight) and define the linear combination of weighted projectors w.r.t. the weight f by f̂ϕt ≡
f̂ t,
f̂ t : L2(R3N )→ L2(R3N ), f̂ tΨ =
N∑
k=0
f(k)P ϕtN,kΨ. (36)
For any integer |d| ≤ N , we define the shift operator τd by
τdf : {0, 1, ..., N} → R+0 , (τdf)(k) =

0 for k + d < 0,
f(k + d) for 0 ≤ k + d ≤ N,
0 for N < k + d.
It is straightforward to see that
1. [f̂ t, ptk] = 0 = [f̂
t, qtk], [f̂
t, P ϕtN,k] = 0,
2. ĝtf̂ t = f̂ tĝt = (̂fg)
t
for any two weights f, g.
We shall make frequent use of the weight functions
m(k) =
k
N
, n(k) =
√
k
N
. (37)
They satisfy two important properties, namely
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1.
1
N
N∑
k=1
qtk =
N∑
k=1
k
N
P ϕtN,k = m̂
t, (38)
2.
τ̂dm
t = (τ̂dn
t)(τ̂dn
t).
We further introduce the weight functions
µ(k) =
{
0 for k = 0,
N
k
for 1 ≤ k ≤ N, ν(k) =
{
0 for k = 0,√
N
k
for 1 ≤ k ≤ N, (39)
which satisfy
3.
m̂tµ̂t = 1− P ϕtN,0, n̂tν̂t = 1− P ϕtN,0, (40)
4.
τ̂dµ
t = (τ̂dν
t)(τ̂dν
t).
Let us also note that the above definition is in agreement with (14) and (15) if we set
f(even)(k) =
{
1 for k even,
0 for k odd,
f(odd)(k) = 1− f(even)(k).
It follows immediately that f̂ t(odd) + f̂
t
(even) = 1 and f̂
t
(odd)f̂
t
(even) = f̂
t
(even)f̂
t
(odd) = 0.
Lemma 3.4. Let Ψ, Ψ˜ ∈ L2s(R3N ) and n+ k ≤ N . Then there exists a positive constant Cn,k
such that
〈
Ψ,
( k+n∏
i=1
qti
)
Ψ˜
〉
=Cn,k
〈
Ψ, (m̂t)n
( k∏
i=1
qti
)
Ψ˜·
〉
.
The proof follows easily by using symmetry of Ψ and Ψ˜ together with (38).
Lemma 3.5. Let P
(0)
12 = p
t
1p
t
2, P
(1)
12 = p
t
1q
t
2 + q
t
1p
t
2 and P
(2)
12 = q
t
1q
t
2, and let f be an arbitrary
weight function, and A12 any operator on L
2(R3)⊗L2(R3). Then the following commutation
rule (pull through formula) holds for 0 ≤ i, j ≤ 2:
P
(i)
12 A12P
(j)
12 f̂
t = τ̂j−if
t
P
(i)
12 A12P
(j)
12 . (41)
The proof is straightforward, see, e.g., [22, Lemma 3.10].
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Definition 3.6. We define the so called counting functional w.r.t. ϕt and with weight f by〈·, f̂ t · 〉 : L2(R3N)→ R+0 , Ψ 7→ 〈Ψ, f̂ tΨ〉.
For any Ψ ∈ L2(R3N), the mapping t→ 〈Ψ, f̂ tΨ〉 is time-differentiable with derivative
∂t
〈
Ψ, f̂ tΨ
〉
= −i〈Ψ, [ N∑
i=1
hϕti , f̂
t
]
Ψ
〉
. (42)
Lemma 3.7. Let
Zϕt(x1 − x2) = 1
2
(
v(x1 − x2)−
(
v ∗ |ϕt|2
)
(x1)−
(
v ∗ |ϕt|2
)
(x2)
)
, (43)
and, for any Ψ ∈ L2s(R3N), let
(I)f,Ψ = 4N Im
〈
Ψ, pt1p
t
2Z
ϕt(x1 − x2)qt1pt2
(
f̂ t − τ̂−1f
t)
Ψ
〉
,
(II)f,Ψ = 2N Im
〈
Ψ, pt1p
t
2Z
ϕt(x1 − x2)qt1qt2
(
f̂ t − τ̂−2f
t)
Ψ
〉
,
(III)f,Ψ = 4N Im
〈
Ψ, qt1p
t
2Z
ϕt(x1 − x2)qt1qt2
(
f̂ t − τ̂−1f
t)
Ψ
〉
,
with f being any weight function. Let further Ψ0 ∈ L2(R3N). Then,
1. for Ψt = UtΨ0, we have
∂t
〈
Ψt, f̂
tΨt
〉
= (I)f,Ψt + (II)f,Ψt + (III)f,Ψt . (44)
2. for Ψ˜t = U˜tΨ0, we have
∂t
〈
Ψ˜t, f̂
tΨ˜t
〉
= (II)
f,Ψ˜t
. (45)
Lemma 3.8. Let m(k) = k
N
as in (37). It holds that for any Ψ ∈ L2s(R3N)
(I)mn,Ψ = 0, |(II)mn,Ψ|+ |(III)mn,Ψ| ≤
n∑
l=0
Cϕt
〈
Ψ, (m̂t)lΨ
〉
Nn−l
.
3.3 Proofs of Lemmas 2.3, 2.4, 2.6, 2.9, 3.1, 3.7 and 3.8
We begin with
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Proof of Lemma 3.1. We denote by f̂ϕ the counting functional defined as in (36) with ϕt
replaced by ϕ.
1. We recall that n̂ϕν̂ϕqϕ1Φ = q
ϕ
1Φ, and use f̂
ϕ
oddp
ϕ
1A1q
ϕ
1 f̂
ϕ
odd = 0 = f̂
ϕ
evenp
ϕ
1A1q
ϕ
1 f̂
ϕ
even which
follows from the pull through formula and f̂ϕevenf̂
ϕ
odd = 0. Then,∣∣〈Φ, pϕ1A1qϕ1Φ〉∣∣
= |〈f̂ϕoddΦ, pϕ1A1qϕ1 f̂ϕevenΦ〉 + 〈f̂ϕevenΦ, pϕ1A1qϕ1 f̂ϕoddΦ〉∣∣
=
∣∣〈f̂ϕoddΦ, pϕ1A1qϕ1 f̂ϕevenΦ〉 + 〈τ̂−1nϕf̂ϕevenΦ, pϕ1A1qϕ1 ν̂ϕf̂ϕoddΦ〉∣∣
≤ ||f̂ϕoddΦ|| ||pϕ1A1||op ||qϕ1 f̂ϕevenΦ||+ ||τ̂−1nϕf̂ϕevenΦ|| ||pϕ1A1||op ||qϕ1 ν̂ϕf̂ϕoddΦ||
≤ ||f̂
ϕ
oddΦ||2
2
+
||pϕ1A1||2
2
(
||q1Φ||2 +
1
N
)
≤ ||f̂ϕoddΦ˜||2 + ||Φ− Φ˜||2 + Cϕ
(
||q1Φ||2 +
1
N
)
.
2. Here, we recall m̂ϕµ̂ϕqϕ1 Φ˜ = q
ϕ
1 Φ˜ and use v
2 ≤ C(1−∆). Then,∣∣〈Φ, qϕ1 qϕ2 v12qϕ1 qϕ2 Φ˜〉∣∣ =∣∣〈m̂ϕΦ, qϕ1 qϕ2 v12qϕ1 qϕ2 µ̂ϕΦ˜〉∣∣
≤||m̂ϕqϕ1 qϕ2Φ|| ||v12qϕ1 qϕ2 µ̂ϕΦ˜||
≤C||qϕ1 qϕ2 qϕ3Φ|| ||∇1qϕ1 Φ˜|| ≤
NC||qϕ1 qϕ2 qϕ3Φ||2
2
+
||∇1qϕ1 Φ˜||2
2N
.
3. Similarly as in 1, we find∣∣〈Φ, qϕ1 qϕ2A12qϕ1 pϕ2 Φ˜〉∣∣
= |〈f̂ϕoddΦ, qϕ1 qϕ2A12qϕ1 pϕ2 f̂ϕevenΦ˜〉+ 〈f̂ϕevenΦ, qϕ1 qϕ2A12qϕ1 pϕ2 f̂ϕoddΦ˜〉∣∣
=
∣∣〈f̂ϕoddΦ, µ̂ϕqϕ1 qϕ2A12q1p2τ̂−1mϕf̂ϕevenΦ˜〉+ 〈f̂ϕevenΦ, τ̂1nϕqϕ1 qϕ2A12qϕ1 pϕ2 ν̂ϕf̂ϕoddΦ˜〉∣∣
≤ ||A12pϕ1 ||
(
||µ̂ϕqϕ1 qϕ2 f̂ϕoddΦ|| ||qϕ1 τ̂−1mϕΦ˜||+ ||τ̂1nϕqϕ1 qϕ2Φ|| ||qϕ1 ν̂ϕf̂ϕoddΦ˜||
)
≤ ||f̂
ϕ
oddΦ||2
2N
+
||f̂ϕoddΦ˜||2
2N
+ CϕN
(
||qϕ1 qϕ2 qϕ3 Φ˜||2 + ||qϕ1 qϕ2 qϕ3Φ||2 +
1
N3
)
≤ ||f̂
ϕ
oddΦ˜||2
N
+
||Φ− Φ˜||2
N
+ CϕN
(
||qϕ1 qϕ2 qϕ3 Φ˜||2 + ||qϕ1 qϕ2 qϕ3Φ||2 +
1
N3
)
.
The term containing the hermitian conjugate is estimated in exactly the same manner.
Proof of Lemma 3.7. We prove only the first part of the lemma since the second part is proved
analogously. Using (42) and the symmetry of the wave function,
∂t
〈
Ψt, f̂
tΨt
〉
=iN
〈
Ψt,
(
Zϕt(x1 − x2)f̂ t − f̂ tZϕt(x1 − x2)
)
Ψt
〉
.
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Multiplying both of the Ψt with the identity 1 = (p
t
1 + q
t
1)(p
t
2 + q
t
2), leads to
∂t
〈
Ψt, f̂
tΨt
〉
=2iN
〈
Ψt, p
t
1p
t
2
(
Zϕt(x1 − x2)f̂ t − f̂ tZϕt(x1 − x2)
)
qt1p
t
2Ψt
〉
+ c.c
+ iN
〈
Ψt, p
t
1p
t
2
(
Zϕt(x1 − x2)f̂ t − f̂ tZϕt(x1 − x2)
)
qt1q
t
2Ψt
〉
+ c.c
+ 2iN
〈
Ψt, q
t
1p
t
2
(
Zϕt(x1 − x2)f̂ t − f̂ tZϕt(x1 − x2)
)
qt1q
t
2Ψt
〉
+ c.c,
where c.c. denotes the complex conjugate of the preceding expression (note that due to the
symmetry of Ψt, all other contributions are zero). Applying the pull through formula (41)
proves the first part of the lemma.
Proof of Lemma 3.8. Term (I): The first term is identically zero for all n ∈ N,
(I)mn,Ψ =2N Im |
〈
Ψ, pt1
(
pt2v(x1 − x2)pt2 − pt2
(
v ∗ |ϕt|2
)
(x1)p
t
2
)
qt1
(
(m̂t)n − (τ̂−1mt)n
)
Ψ
〉
= 0,
because
pt2v(x1 − x2)pt2 = pt2
(
v ∗ |ϕt|2
)
(x1)p
t
2 (46)
cancels exactly the mean field potential (it is this term which determines the choice of the
effective potential in the Hartree equation).
For the second and third term, we compute (using the binomial expansion for (k − d)l)
(m̂t)n − (τ̂−dmt)n =
N∑
k=0
[( k
N
)n
−
(k − d
N
)n]
P ϕtN,k =
n−1∑
l=0
Cd,l
Nn−l
(m̂t)l
for some constants Cd,l.
Term (II): It follows that (note that pt2v¯
ϕt
1 q
t
2 = 0)
|(II)mn,Ψ| =
∣∣ n−1∑
l=0
Cd,l
Nn−l−1
〈
Ψ, pt1p
t
2v(x1 − x2)qt1qt2(m̂t)lΨ
〉∣∣
=
∣∣ n−1∑
l=0
Cd,l
Nn−l−1
〈
(τ̂−2m
t
)
l
2 τ̂−2n
tΨ, pt1p
t
2v(x1 − x2)qt1qt2(m̂t)
l
2 ν̂tΨ
〉∣∣
≤
n−1∑
l=0
|Cd,l|
Nn−l−1
||v12pt1pt2||op ||(τ̂−2mt)
l+1
2 Ψ|| ||qt1qt2(m̂t)
l
2 ν̂tΨ||
≤
n−1∑
l=0
Cϕt
Nn−l−1
√√√√ l+1∑
j=0
(
l + 1
j
)( 2
N
)l+1−j〈
Ψ, (m̂t)jΨ
〉√〈
Ψ, qt1q
t
2(m̂
t)lµ̂tΨ
〉
≤
n−1∑
l=0
Cϕt
Nn−l−1
l+1∑
j=0
(
l + 1
j
)( 2
N
)l+1−j〈
Ψ, (m̂t)jΨ
〉
+
n−1∑
l=0
Cϕt
Nn−l−1
〈
Ψt, (m̂
t)l+1Ψt
〉
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≤
n∑
l=0
Cϕt
〈
Ψ, (m̂t)lΨ
〉
Nn−l
. (47)
The essential ingredient here is the symmetry of the wave function which ensures that not all
mass can be located around, e.g., x1 ≈ x2 (for general Ψ ∈ L2(R3N ), the second term would
not be necessarily small).
Term (III): Again via the pull through formula, and similarly as in (II),
|(III)mn,Ψ| =
∣∣ n−1∑
l=0
Cd,l
Nn−l−1
〈
Ψ, qt1p
t
2
(
v(x1 − x2)− v ∗ |ϕt|2(x1)
)
qt1q
t
2(m̂
t)lΨ
〉∣∣
=
∣∣ n−1∑
l=0
Cd,l
Nn−l−1
〈
(τ̂−1m
t
)
l
2Ψ, qt1p
t
2
(
v(x1 − x2)− v ∗ |ϕt|2(x1)
)
qt1q
t
2(m̂
t)
l
2Ψ
〉∣∣
≤
n−1∑
l=0
Cϕt
Nn−l−1
||qt1(τ̂−1mt)
l
2Ψ|| ||qt1(m̂t)
l
2Ψ||
≤
n∑
l=0
Cϕt
〈
Ψ, (m̂t)lΨ
〉
Nn−l
.
Proof of Lemma 2.3. By Lemma 3.4 for k = 0, it is sufficient to estimate the value of〈
Ψt, (m̂
t)nΨt
〉
, m(k) =
k
N
.
To this end, we compute its time derivative and conclude via a Gro¨nwall argument. Recall
that by Lemma 3.7, we have
∂t
〈
Ψt, (m̂
t)nΨt
〉
=(I)mn,Ψt + (II)mn,Ψt + (III)mn,Ψt , (48)
∂t
〈
Ψ˜t, (m̂
t)nΨ˜t
〉
=(II)mn,Ψ˜t. (49)
The terms on the r.h.s. have been estimated in Lemma 3.8. The remainder of the argument
follows by induction. Assume that for all k ≤ n− 1,
〈
Ψt, (m̂
t)kΨt
〉 ≤ eCϕt k∑
l=0
Cn,k
N l−n
〈
Ψ0, (m̂
0)lΨ0
〉
. (50)
By means of (48) and Lemma 3.8,
∂t
〈
Ψt, (m̂
t)nΨt
〉 ≤ Cϕt〈Ψt, (m̂t)nΨt〉+ eCϕt n−1∑
l=0
Cn,l
N l−n
〈
Ψ0, (m̂
0)lΨ0
〉
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which implies by Gro¨nwall’s inequality that
〈
Ψt, (m̂
t)nΨt
〉 ≤ eCϕt n∑
l=0
Cn,l
N l−n
〈
Ψ0, (m̂
0)lΨ0
〉
.
The case n = 2 follows as well from Gro¨nwall, cf. again Lemma 3.8,
∂t
〈
Ψt, m̂
tΨt
〉 ≤ Cϕt(〈Ψt, m̂tΨt〉+ 1
N
)
⇒ 〈Ψt, m̂tΨt〉 ≤ eCϕt(〈Ψ0, m̂0Ψ0〉+ 1
N
)
.
Starting from (49), the argument is exactly the same for Ψ˜t.
Proof of Lemma 2.4. The time-derivative of ||f̂ toddΨ˜t||2 is given by
∂t
〈
Ψ˜t, f̂
t
oddΨ˜t
〉
= (II)fodd,Ψ˜t = 2N Im
〈
Ψ˜t, p
t
1p
t
2v12q
t
1q
t
2
(
f̂ todd − τ̂−2f
t
odd
)
Ψ˜t
〉
,
cf. Lemma 3.7. Recalling the definition of the shifted weight function,
f̂ todd − τ̂−2f
t
odd = f(1)P
ϕt
N,1 = P
ϕt
N,1,
and the fact that
qt1q
t
2P
ϕt
N,1 = 0
shows that ||f̂ toddΨ˜t|| = ||f̂ 0oddΨ˜0||. A similar calculation holds for the even case.
Proof of Lemma 2.6. The proof consists of two steps. First, we show that the bad part of the
kinetic energy can be bounded as follows:
||∇1q1Ψt||2 ≤ C||Ψt − Ψ˜t||2 + C|EH˜t(Ψt)− Eht,ϕt (ϕt)|+ Cϕt
(
||f̂ 0oddΨ0||2 + ||qt1Ψt||2 +
1
N
)
(51)
where
EH˜t(Ψ) = ||∇1Ψ||2 +
〈
Ψ, (W t1 + v¯
ϕt
1 )Ψ
〉
+
〈
Ψ, v˜t12Ψ
〉
denotes the energy per particle w.r.t. to H˜ t. Here, and below, we are using the abbreviation
v˜t12 =
(
pt1q
t
2v12q
t
1p
t
2 + p
t
1p
t
2v12q
t
1q
t
2
)
+ h.c. In the second step, we use energy conservation of
H t (modulo the change due to the external potential W t) in order to show that the energy
difference that appears on the r.h.s. in the above line can be approximated in terms of
|EH˜t(Ψt)− Eht,ϕt(ϕt)| ≤|EH˜t(Ψt)− EHt(Ψt)|+ |EH0(Ψ0)− Eh0,ϕ0 (ϕ0)|
+ Cϕt
(
||f̂ 0oddΨ0||2 +N ||qt1qt2Ψt||2 + ||qt1Ψt||2 +
1
N
)
. (52)
To obtain the first inequality, one inserts the identity 1 = (pt1 + q
t
1)(p
t
2 + q
t
2) on the left and
right hand side of H˜t in EH˜t(Ψt) and extracts the bad part of the kinetic energy (the first
23
term on the r.h.s.):
EH˜t(Ψt)− Eht,ϕt(ϕt) =
〈
i∇1qt1Ψt, i∇1qt1Ψt
〉
+
〈
qt1Ψt, (W
t
1 + v¯
ϕt
1 )q
t
1Ψt
〉
(53)
+
〈
Ψt, p
t
1h
t,ϕt
1 p
t
1Ψt
〉− 〈ϕt, hϕt1 ϕt〉 (54)
+ 2Re
〈
Ψt, p
t
1h
t,ϕt
1 q
t
1Ψt
〉
(55)
+
〈
Ψt, p
t
1p
t
2v˜
t
12p
t
1p
t
2Ψt
〉
(56)
+
〈
Ψt, (1− pt1pt2)v˜t12(1− pt1pt2)Ψt
〉
(57)
+ 2Re
〈
Ψt, (1− pt1pt2)v˜t12pt1pt2Ψt
〉
, (58)
All but the first line on the r.h.s. can be estimated separately:
|(53)| ≤(||W t1||∞ + ||v¯ϕt1 ||∞)||qt1Ψt||2,
|(54)| =|〈Ψt, (pt1ht,ϕt1 pt1 − 〈ϕt, ht,ϕt1 ϕt〉)Ψt〉| ≤ ||hϕt1 ϕt|| ||qt1Ψt||2,
|(56)| =0,
|(57)| =|〈Ψt, (1− pt1pt2)v˜t12(1− pt1pt2)Ψt〉| = |2〈Ψt, qt1pt2v12pt1qt2Ψt〉|
≤2||v12pt2||op||qt1Ψt||2 ≤ 2
√
||v2 ∗ |ϕt|2||∞||qt1Ψt||2,
|(58)| =|2Re 〈Ψt, qt1qt2v12pt1pt2Ψt〉| = |2Re 〈Ψt, ν̂tqt1qt2v12pt1pt2τ̂−2ntΨt〉|
≤2||v12pt2||op ||τ̂−2ntΨt|| ||ν̂tqt1qt2Ψt|| ≤
√
||v2 ∗ |ϕt|2||∞
(
||qt1Ψt||2 +
1
N
)
.
In order to estimate the remaining line, we use (28) with A1 = h
t,ϕt
1 ,
|(55)| =|2Re 〈Ψt, pt1ht,ϕt1 qt1Ψt〉| ≤ C||Ψt − Ψ˜t||2 + C||f̂ toddΨ˜t||2 + Cϕt ||qt1Ψt||2.
This completes the proof of inequality (51). It the second step we need to estimate the energy
difference on the r.h.s. of (51). For that, we use the fact that only the time-dependent external
potential causes a change in the energy,
∂t
(EHt(Ψt)− Eht,ϕt(ϕt)) =〈Ψt, W˙ t1Ψt〉− 〈ϕt, W˙ t1ϕt〉
=
〈
Ψt, p
t
1W˙
t
1p
t
1Ψt
〉− 〈ϕt, W˙ t1ϕt〉
+
〈
Ψt, q
t
1W˙
t
1q
t
1Ψt
〉
+ 2Re
〈
Ψt, p
t
1W˙
t
1q
t
1Ψt
〉
≤ Cϕt ||qt1Ψt||2 + C||Ψt − Ψ˜t||2 + C||f̂ toddΨ˜t||2,
where we have used that W˙ t ∈ L∞ and applied inequality (28). Hence,
|EH˜t(Ψt)− Ehϕt (ϕt)| ≤|EH˜t(Ψt)− EHt(Ψt)|+ |EH0(Ψ0)− Ehϕ0 (ϕ0)|
+ Cϕt ||qt1Ψt||2 + C||Ψt − Ψ˜t||2 + C||f̂ toddΨ˜t||2.
By (12), the first term on the r.h.s. is given by
|EH˜t(Ψt)− EHt(Ψt)| =
∣∣∣2〈Ψt, [(qt1qt2(v12 − v¯ϕt1 )qt1pt2 + qt1qt2(v12 − v¯ϕt1 + µϕt)qt1qt2)+ h.c.]Ψt〉∣∣∣
≤ C(||v¯ϕt1 ||∞ + µϕt)||qt1Ψt||2 + 2∣∣〈Ψt, qt1qt2v12qt1qt2Ψt〉∣∣,
24
and, by means of v2 ≤ C(1−∆),∣∣〈Ψt, qt1qt2v12qt1qt2Ψt〉∣∣ ≤ CN ||qt1qt2Ψt||2 + CN ||v12qt1qt2Ψt||2 ≤ CN ||qt1qt2Ψt||2 + CN ||∇1qt1Ψt||2.
This completes the proof of the lemma.
Proof of Lemma 2.9. Using the decomposition in (23), it can be verified by direct calculation
that if Ψ˜t solves the equation i∂tΨ˜t = H˜tΨ˜t, then the corresponding (χ˜
(k)
t )
N
k=0 are solutions to
the following system of coupled equations.
i∂tχ˜
(0)
t =
√
N
N − 1A
(2→0),tχ˜
(2)
t
i∂tχ˜
(1)
t =
(
ht,ϕt +K(1),t
)
χ˜
(1)
t +
√
N − 2
N − 1A
(3→1),tχ˜
(3)
t ,
i∂tχ˜
(k)
t =
k∑
i=1
(
ht,ϕti +
N − k
N − 1K
(1),t
i
)
χ˜
(k)
t
+
√
(N − k + 2)(N − k + 1)
N − 1 A
(k−2→k),tχ˜
(k−2)
t +
√
(N − k)(N − k − 1)
N − 1 A
(k+2→k),t∗χ˜
(k+2)
t
for all 2 ≤ k ≤ N . Here, we have introduced the abbreviations
A(k−2→k),tχ˜(k−2) =
1
2
√
k(k − 1)
∑
1≤i<j≤k
K(2),t(xi, xj)χ
(k−2)(x1, ..., xk\xi\xj) ∈ Ht,ks ,
A(k+2→k),t∗χ(k+2) =
√
(k + 1)(k + 2)
2
∫ ∫
K(2),t(x, y)χ(k+2)(x1, ..., xk, x, y)dxdy ∈ Ht,ks ,
which for wave functions φ(k) ∈ H(k),ts , χ(k−2) ∈ H(k−2),ts satisfy the relation〈
φ(k), A(k−2→k),tχ(k−2)
〉
H
(k),t
s
=
〈
A(k→k−2),t∗φ(k), χ(k−2)
〉
H
(k−2),t
s
. (59)
We further set (χ˜
(k)
t = 0)k≥N+1 for all t ≥ 0. The next step is to bound the series
∞∑
k=0
||χ˜(k)t − χ(k)t ||2H(k),ts ≤
∞∑
k=0
||χ˜(k)t ||2H(k),ts +
∞∑
k=0
||χ(k)t ||2H(k),ts <∞
which is finite since
∑∞
k=0 ||χ˜(k)t ||2H(k),ts = ||Ψ˜t||
2 = 1 and since the Bogoliubov hierarchy is
well-posed in the sense that
∑∞
k=0 ||χ(k)t ||2H(k),ts < ∞, see in [25, Section 4.3]. One thus finds
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(note that due to finiteness of the series one can differentiate it termwise),
1
2
∞∑
k=0
∂t||χ˜(k)t − χ(k)t ||2H(k),ts
=−
N∑
k=1
Im
〈
χ˜
(k)
t − χ(k)t ,
k∑
i=1
(
ht,ϕti +K
(1),t
i
)(
χ˜
(k)
t − χ(k)t
)〉
H
(k),t
s
(60)
−
N∑
k=1
Im
〈
χ˜
(k)
t − χ(k)t ,
k∑
i=1
(N − k
N − 1 − 1
)
K
(1),t
i χ˜
(k)
t
〉
H
(k),t
s
(61)
−
∞∑
k=N+1
Im
〈
χ
(k)
t ,
k∑
i=1
(
ht,ϕti +K
(1),t
i
)
χ
(k)
t
〉
H
(k),t
s
(62)
−
N∑
k=2
Im
〈
χ˜
(k)
t − χ(k)t , A(k−2→k),t∗
(
χ˜
(k−2)
t − χ(k−2)t
)〉
H
(k),t
s
(63)
−
N∑
k=2
Im
〈
χ˜
(k)
t − χ(k)t ,
(√(N − k + 2)(N − k + 1)
N − 1 − 1
)
A(k−2→k),t∗χ˜
(k−2)
t
〉
H
(k),t
s
(64)
−
N−2∑
k=0
Im
〈
χ˜
(k)
t − χ(k)t , A(k+2→k),t
(
χ˜(k+2) − χ(k+2)t
)〉
H
(k),t
s
(65)
−
N−2∑
k=0
Im
〈
χ˜
(k)
t − χ(k)t ,
(√(N − k)(N − k − 1)
N − 1 − 1
)
A(k+2→k),tχ˜
(k+2)
t
〉
H
(k),t
s
(66)
+
N∑
k=N−1
Im
〈
χ˜
(k)
t − χ(k)t , A(k+2→k),tχ(k+2)t
〉
H
(k),t
s
(67)
−
∞∑
k=N+1
Im
〈
χ
(k)
t , A
(k−2→k),t∗χ
(k−2)
t
〉
H
(k),t
s
(68)
−
∞∑
k=N−1
Im
〈
χ
(k)
t , A
(k+2→k),tχ
(k+2)
t
〉
H
(k),t
s
. (69)
We first note that
(60) = 0, (62) = 0
since K(1),t∗ = K(k),t. Using Cauchy Schwarz as well as the geometric mean inequality, one
finds
|(61)| ≤
N∑
k=1
||χ˜(k)t − χ(k)t ||2H(k),ts +
N∑
k=1
(
1− N − k
N − 1
)2∣∣∣∣∣∣ k∑
i=1
K
(1),t
i
∣∣∣∣∣∣2
op
||χ˜kt ||2H(k),ts
≤
∞∑
k=0
||χ˜kt − χ(k)t ||2H(k),ts + C
ϕt
N∑
k=0
k4
N2
||χ˜(k)t ||2H(k),ts ,
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where we have used ||K(1),ti ||2op ≤ Cϕt . Recalling that ||χ˜(k)t ||2H(k),ts = ||P
ϕt
N,kΨ˜t||2, we can estimate
the last factor in the second summand by means of Lemma 2.3, i.e.,
N∑
k=0
k4
N2
||χ˜(k)t ||2H(k),ts ≤ N
2
N∑
k=0
k3
N3
||P ϕtN,kΨ˜t||2 = N2
〈
Ψ˜t, (m̂
t)3Ψ˜t
〉 ≤ eCϕt
N
. (70)
Recalling (59), and substituting the summation index,
(63) + (65) =−
N−2∑
k=0
Im
〈
A(k+2→k),t
(
χ˜
(k+2)
t − χ(k+2)t
)
, χ˜
(k)
t − χ(k)t
〉
H
(k),t
s
−
N−2∑
k=0
Im
〈
χ˜
(k)
t − χ(k)t , A(k+2→k),t
(
χ˜
(k+2)
t − χ(k+2)t
)〉
H
(k),t
s
= 0.
The same way, one finds
(68) + (69) = 0.
Next, using again Cauchy Schwarz and the geometric mean inequality, and in the second step
||A(k−2→k),t∗||2op ≤ Cϕtk2 and (
√
(N−k+2)(N−k+1)
N−1
− 1)2 ≤ C k2
N2
,
|(64)| ≤
N∑
k=2
||χ˜(k)t − χ(k)t ||2H(k),ts +
N∑
k=2
(√(N − k + 2)(N − k + 1)
N − 1 − 1
)2
||A(k−2→k),t∗||2op ||χ˜(k−2)t ||2H(k),ts
≤
∞∑
k=0
||χ˜(k)t − χ(k)t ||2H(k),ts + C
ϕt
N∑
k=2
k4
N2
||P ϕtN,k−2Ψ˜t||2
≤
∞∑
k=0
||χ˜(k)t − χ(k)t ||2H(k),ts + C
ϕt
N−2∑
k=0
(k4 + k3 + k2 + k + 1)
N2
||P ϕtN,kΨ˜t||2
≤
∞∑
k=0
||χ˜(k)t − χ(k)t ||2H(k),ts +
eC
ϕt
N
by the same argument as in (70). Along the same steps, it follows that
|(66)| ≤
∞∑
k=0
||χ˜(k)t − χ(k)t ||2H(k),ts +
eC
ϕt
N
.
It remains to estimate
(67) ≤CϕtN
(
||χ˜(N−1)t ||H(N−1),ts ||χ
(N+1)
t ||H(N+1),ts + ||χ˜
(N)
t ||H(N),ts ||χ
(N+2)
t ||H(N+2),ts
)
≤CϕtN2
(
||χ˜(N−1)t ||2H(N−1),ts + ||χ˜
(N)
t ||2H(N),ts
)
+ ||χ(N+1)t ||2H(N+1),ts + ||χ
(N+2)
t ||2H(N+2),ts
≤CϕtN2
(
||χ˜(N−1)t ||2H(N−1),ts + ||χ˜
(N)
t ||2H(N),ts
)
+
∞∑
k=0
||χ˜(k)t − χ(k)t ||2H(k),ts
≤e
Cϕt
N
+
∞∑
k=0
||χ˜(k)t − χ(k)t ||2H(k),ts ,
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where the last estimate follows from
N3
(
||χ˜(N−1)t ||2H(N−1),ts + ||χ˜
(N)
t ||2H(N),t
)
≤
N∑
k=0
k3||χ˜(k)t ||2H(k),ts = N
3
〈
Ψ˜t, (m̂
t)3Ψ˜t
〉 ≤ eCϕt .
Hence, via Gro¨nwall,
∞∑
k=0
||χ˜(k)t − χ(k)t ||2H(k),ts ≤ e
Cϕt
( ∞∑
k=0
||χ˜(k)0 − χ(k)0 ||2H(k),ts +
1
N
)
=
eC
ϕt
N
since χ˜
(k)
0 = χ
(k)
0 for all k. This completes the argument.
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